Eigenstates of Bose particles with repulsive contact interactions in one-dimensional space with periodic boundary conditions can be found with the help of the Bethe ansatz. The type II excitation spectrum identified by E. H. Lieb, reproduces the dispersion relation of dark solitons in the meanfield approach. The corresponding eigenstates possess translational symmetry which can be broken in measurements of positions of particles. We analyze emergence of single and double solitons in the course of the measurements and investigate dynamics of the system. In the weak interaction limit, the system follows the mean-field prediction for a short period of time. Long time evolution reveals many-body effects that are related to an increasing uncertainty of soliton positions. In the strong interaction regime particles behave like impenetrable bosons. Then, the probability densities in the configuration space become identical to the probabilities of non-interacting fermions but the wave-functions themselves remember the original Bose statistics. Especially, the phase flips that are key signatures of the solitons in the weak interaction limit, can be observed in the time evolution of the strongly interacting bosons.
I. INTRODUCTION
Solitons are solutions of non-linear wave equations that maintain their shape during time evolution. They appear in different phenomena investigated in the fields of non-linear optics, ultra-cold atomic gases and in many other physical systems. Both in the optics and atomic gases bright and dark solitons have been observed experimentally [1] [2] [3] [4] [5] [6] [7] [8] [9] . The former corresponds to a localized pulse propagating without a change of shape through an optical self-focusing Kerr medium or to a localized matter-wave packet formed by attractively interacting atoms [10] . Dark solitons are related to dark holes on continuous-wave background that can be created in a self-defocusing Kerr medium or in repulsively interacting massive particles [11] .
In the areas of non-linear optics and ultra-cold atomic gases, the non-linear wave equations are results of the approximation that assumes occupation of single modes by a large number of photons or atoms [1, 12, 13] . These equations provide a very accurate description of the soliton experiments [14] . Evidently there are observables related to higher order correlations which cannot be obtained within a mean-field description [15] . They are however very difficult for experimental detection. Rapid development of experimental techniques in the area of ultra-cold gases opens possibility for realization and precise detection of systems with a relatively small particle number. In such a case, many-body effects that go beyond the mean-field approximation become important and experimentally relevant [9, [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] .
There are examples of quantum many-body systems where solutions of the Schrödinger equation can be obtained analytically. In one-dimensional (1D) space, the Bethe ansatz approach turns out to be invaluable in description of bosonic or fermionic atoms and various mixtures of atomic species interacting via contact δ-potentials [29] [30] [31] . The celebrated Lieb-Liniger model describes bosonic particles with contact interactions in a 1D space [32, 33] . In the case of periodic boundary conditions, all energy eigenstates of the system are also eigenstates of the unitary operator that translates all particles by the same distance. Thus, it is not clear which solutions of the many-body Schrödinger equation can be identified with the mean-field solitons because the latter break the translational symmetry. The identification is particularly difficult in the case of repulsive particle interactions where a dark soliton does not correspond to the lowest energy solution of the non-linear mean-field equation.
Nearly 40 years ago it was conjectured that eigenstates belonging to the so-called type II excitation spectrum of the Lieb-Liniger model were related to the mean-field dark soliton solutions due to the coincidence of the spectrum with the soliton dispersion relation [34, 35] . There are many publications that confirm this conjecture [36] [37] [38] [39] [40] [41] [42] [43] [44] . Especially it is shown that a proper superposition of the type II eigenstates allows one to prepare states where dark soliton signatures are visible in the reduced oneparticle density and in the behavior of the matrix element of the bosonic field operator [42] [43] [44] . Demonstration that a single type II eigenstate reveals dark soliton character has been given recently only [45] . The single eigenstate possesses the translational symmetry and consequently the corresponding reduced one-particle density is uniform with no soliton signature. However, one-particle density is related to density of atoms averaged over many realizations of the same experiment. For many-body systems, already a single experiment allows one to plot a particle density and such a single outcome can be very different from the average result as demonstrated in different many-body problems [46] [47] [48] [49] [50] [51] . It turns out that dark solitons can emerge in the course of measurement of particle positions [24, 47, 52] . That is, after the measurement of a single particle, the probability density for the measurement of the position of the second particle is not longer uniform because the translational symmetry is broken in the first measurement. If we continue the particle measurements, the shape of probability density for measurements of consecutive particles approaches the dark soliton profile. When N −1 particles is detected and only the last particle is left its wave-function matches perfectly a soliton solution of the mean-field equation [45] .
In Ref. [45] we have demonstrated the emergence of single and double solitons in the measurement of positions of particles prepared in type II eigenstates in the weak interaction limit. We have also analyzed results of the measurement in the case of moderate interactions. Here, we focus on dynamics of many-body states that result from translational symmetry breaking of initial symmetric eigenstates and try to answer the question if signatures of the mean-field evolution of dark solitons can be observed. Moreover, we analyze the Bose system prepared in type II eigenstates in the strong interaction regime.
The paper is organized as follows. In Sec. II we describe shortly the Lieb-Liniger model and present the key elements of the numerical methods that we use. In Sec. III dark solitons in the weak interaction regime are considered. Section IV presents analysis of the system for strong interactions. Both single and double soliton solutions are considered. We conclude in Sec. V.
II. LIEB-LINIGER MODEL
We consider N bosons with repulsive contact interactions in the 1D space with periodic boundary conditions [32] . The Hamiltonian of the system in the second quantization formalism reads,
whereψ is the bosonic field operator and L is the system size (the length of the 1D ring). We use units where 2m = = 1 with m the particle mass. The strength of the interactions is characterized by
where c > 0 is the parameter of the interaction potential and n = N L denotes the average density of particles. For γ ≪ 1 the interactions between particles are weak, for γ ≫ 1 the Lieb-Liniger model describes strongly interacting impenetrable bosons [32, 33] .
A. Bethe ansatz solution
The eigenvalue problem for the Hamiltonian (1) has analytical solutions in terms of the Bethe ansatz [29] . There are two branches of the excitation spectrum of the system identified by Lieb [33] . The first, called type I, corresponds to the Bogoliubov dispersion relation in the weak interaction limit. The interpretation of the other branch (type II) was not clear initially. Later on it was found out that the type II branch followed the dark soliton dispersion relation in the weak interaction regime [34, 35] .
Eigenstates of the Hamiltonian (1) are determined by a set of N integers (half integers) I j for odd (even) total particle number N which are parameters of the Bethe equations
For a given collection {I} N , solution of the Bethe equations results in a set of N real numbers k j which are called quasi-momenta and which determine total momentum and energy of the system, i.e.
respectively [42] . The ground state of the system corresponds to the ordered set
Numbers I j (integers or half-integers) are distributed symmetrically around zero, are equally spaced by a unit distance, and belong to the set
if N is odd. The eigenstates of the system in the Lieb-Liniger model read [30] 
It is convenient to bring here the analogy between the studied interacting Bose system and the ideal Fermi gas in 1D. This analogy does not have formal character, but it provides a familiar platform to think about a structure of many-body eigenstates of the system. The following discussion and analogies to the Fermi gas cannot be understood literally.
First note, that the numbers {I} N are closely related to the quasi-momenta. There is one to one correspondence between I j and k j , a function relating them is monotonic (preserves ordering), i.e. if I i ≤ I j then k i ≤ k j . Therefore, to simplify our discussion we will sometimes identify these two quantities addressing numbers I j as 'momenta'.
If the ground state were of a form of the Slater determinant, it could be thought of as a fully occupied 'Fermi sea'. All states with I min ≤ |I i | ≤ I F are occupied, while the others are empty. The 'Fermi momentum' here is
2 . The 'Fermi surface' is composed of two states ±I F of opposite momenta. The 'lowest energy' state has 'momentum' I min = 0 for odd N , while is doubly 'degenerate' for even N . There are two states of minimal opposite 'momenta' |I min | = 1 2 then. The type I elementary excitations correspond to the Bogoliubov spectrum, with a phonon branch for low excitation momenta. These are particle-like excitations: the 'particle from the Fermi level' is excited to the 'higher momentum state'. More precisely the 'momentum' I F (or −I F ) is missing from the set {I} N and is substituted for I > , where
The type II excitation spectrum is obtained by creating a hole below the Fermi surface, substituting |I < | < I F , for the state next to the Fermi surface, |I f | = I F + 1 [33, 39, 42, 45] . There are two accessible 'momenta' next to the Fermi surface: I F +1, and the opposite one −I F −1.
B. Many body time correlation functions and positions' measurements
Despite the simple form of the Bethe ansatz solution (7), it not easy to draw information from ψ {k}N because number of terms in (7) grows dramatically with N . In Ref. [45] we have performed numerical simulations of measurements of particle positions for N = 8 employing a sequential procedure. That is, particles have been measured one by one and at each time the conditional probability for the measurement of a next particle has been calculated [47] [48] [49] [50] [51] . The calculation of the conditional probability is possible because matrix elements ψ {k ′ }N−1 |ψ|ψ {k}N , so-called form factors of the field operator, can be easily obtained by means of the determinant formulas [53, 54] .
It turns out that the simulations of the particle measurements can be significantly simplified with the help of Monte Carlo algorithm of Metropolis et al. [55] , based on the Markovian walk in the configuration space. Having |ψ {k}N (x 1 , . . . , x N )| 2 , we can employ the Metropolis procedure which allows us to obtain a sequence of random sets of particles' position {x} N ≡ {x 1 , . . . , x N } from the N -dimension probability distribution. This procedure is equivalent to direct sampling of the N -paricle probability density P ({x} N ) ≡ |ψ {k}N ({x} N )| 2 and also equivalent to the sequential choice of the particle positions applied in Ref. [45] . In the latter case, simulations become difficult in the strong interaction regime (γ > 1) because the number of the form factors of the field operator needed to obtain converged results, increases significantly. The Monte Carlo method does not suffer from this problem because the form of the eigenstates (7) is the same regardless of the value of the interaction strength.
In this work we want to show that the Lieb-Liniger type II excitations occur to be solitons not only at a given instant of time, while observed, but, what is also very important, they propagate like genuine solitons should do, including double-soliton solutions and their collisions. To this end the two-point time correlations have to be studied.
To observe a time evolution of the type II soliton, first the translational symmetry of the many body state has to be broken during measurement of positions of N i out of N particles. The soliton gets localized, the larger N i , the better. Then, the system of remaining N r = N − N i particles evolves in time till the second measurement of positions of all remaining particles. The question is if the second measurement reveals the soliton-like shape, shifted in the laboratory frame with respect to the initial position of solitons in agreement with the corresponding mean-field soliton dynamics.
To answer this question we shall probe the conditional probability density distribution of finding N r particles at time t and at positions {x} Nr , provided that previously at t = 0 another N i particles were detected in the initial state of N particles prepared in a type II exited LiebLinger state.
We implement the above scheme as follows. First we choose positions {x 0 } Ni at t = 0 as any N i values belonging to the set {x 0 } N maximizing the N -body probability distribution P ({x 0 } N ) of the given state. Alternatively, we could select them randomly. The values of these N i positions are assumed to be set in the course of the first measurement. The detection leads to a reduction of the system wave function. The state of remaining N r = N − N i particles is given by the wave function
which determines a conditional probability density P ({x} Nr |{x 0 } Ni ) of remaining N r particles' positions at the initial time. To get the time correlations between particles distribution at the initial time t = 0, and at the final time t, we have to evolve the initial reduced N r -body state, φ({x} Nr ). Let us note, that it is not the eigenstate of the Lieb-Linger Hamiltonian anymore. Expansion of φ({x} Nr ) in the basis of the eigenstates of the (N r )-particle system allows us to get time evolution
as well as the two-time conditional probability distribution P ({x} Nr , t|{x 0 } Ni , t = 0) = |φ({x} Nr , t)| 2 . This distribution is then sampled with the help of Monte Carlo algorithm. Every sample corresponds to a measurement of positions of all N r particles at time t provided that N i particles were previously found at positions {x 0 } Ni at the initial moment. We expect that in the limit N i → ∞, N → ∞, and N ≫ N i the first measurements of N i positions {x 0 } Ni disturb only infinitesimally the initial type II eigenstate. They simultaneously perfectly localize the soliton. The reduced state obtained after the first measurement φ({x} Nr ) should be infinitesimally close to the type II eigenstate of the Lieb-Liniger model, a perfect soliton again. Here we are going to study rather small systems of several particles. As we are going to show, effects of a small system will lead to some 'imperfections' as compared to mean-field solutions.
The expansion (9) requires calculations of C {k}N r = ψ {k}N r |φ that is not easy because it involves multidimensional integration. However, it turns out that the expansion can be obtained in a simpler way. Choosing many different sets of the positions {x} Nr , i.e. sampling the (N r )-dimensional space, and calculating values of φ({x} Nr ) and values of eigenstates ψ {k}N r ({x} Nr ) which are chosen to perform the expansion, one can obtain C {k}N r by fitting the rhs of (9) to the sets of values of φ({x} Nr ). Such a linear regression procedure turns out to be very efficient.
III. DARK SOLITONS IN THE WEAK INTERACTION REGIME
In the weak interaction limit (γ ≪ 1), the ground state of the Lieb-Liniger Hamiltonian and collectively excited states can be described by the mean-field approach where all bosons are assumed to occupy the same single particle state ψ(x) which is a solution of the Gross-Pitaevskii equation (GPE) [12] . In the limit of the infinite system (L → ∞), the dark soliton solution of the GPE reads
where x 0 is the position of the dark soliton notch and ξ = 1/ √ cn is the healing length that describes the width of the notch [12] . In the case of the finite system with periodic boundary conditions, the dark soliton solution has to be modified because the hyperbolic tangent function alone is not able to fulfill the boundary conditions. If ξ ≪ L, the dark soliton solution can be approximated by e iπx/L tanh x−x0 ξ which describes density profile that drops to zero at the position of the soliton but the density is not stationary because the notch moves periodically along the 1D ring. Dark solitons are stationary in a frame moving with a certain velocity v with respect to the laboratory frame. That is, there are dark soliton solutions of the stationary GPE,
with periodic boundary conditions, given in terms of Jacobi functions [56] [57] [58] where ψ|ψ = 1.
For chosen values of the interaction strength c and average particle density n, one can find intervals of v where single-, double-or multiple-soliton solutions exist [57] . They are characterized by the depth of the dark soliton notch
and by the winding number J which determines a complex phase e i2πJ the wave-function ψ(x+L) acquires with respect to ψ(x) when the position on the ring changes by L [57] .
A. Single solitons
Let us start our comparison between the mean-field and many-body solutions with an analysis of a singlesoliton which is completely dark, i.e. d = 0. For v = 2π/L there is a single-soliton solution of the GPE (10) corresponding to the average momentum p = −i
for any value of the interaction strength c [57] . The phase of the mean-field solution jumps by −π at the soliton position. However, because the probability density drops to zero at the soliton notch, the jump of the phase can be also considered as −π plus any multiple of 2π. Thus, the winding number is meaningless in the present case.
In the many-body Lieb-Liniger model one can find a one-hole excited eigenstate (type II eigenstate) that is characterized by the total momentum per particle P/N = π/L and the energy per particle nearly the same as the mean-field value. The many-body eigenstate possesses the translational symmetry which is broken if we perform measurements of particle positions. The intriguing question is if the system collapses to the mean-field solution during the measurement process. It turns out that when we simulate many realizations of the measurement of positions of N − 1 particles, the wave function for the last N -th particle matches the mean-field solution very well, see Fig. 1 . The last particle wave-function is defined as follows
where ψ {k}N is a chosen one-hole excited eigenstate and {x 0 } N −1 are fixed positions of N −1 particles obtained in the measurement process. Note that in every realization of the measurement the localization of the soliton notch is random. That is, before the measurement is performed we do not know where the soliton is going to appear because the system preserves the translational symmetry [45] .
Let us now consider a solution of the GPE that describes a gray single-soliton (d > 0) related to the average momentum p = 3π/(4L) and to the winding number J = 0. In the many body picture simulation of the measurement processes performed on the corresponding one-hole excited eigenstate of (1), i.e. the state with ) show the wavefunction (probability density and phase) of the last particle (12) in the measurement of positions of N particles prepared initially in the one-hole excited eigenstate with the total momentum per particle P/N = π/L; (a) corresponds to the probability density and (b) to the phase of the wave-function.
In each measurement realization, the soliton notch is localized at different position but the wave-function always matches the properly shifted mean-field solution that corresponds to the single dark soliton. The latter solution is not plotted because it would not be distinguishable from the last particle wavefunction. Panels (c) and (d) show the probability density and phase, respectively, of two examples of the last particle wave-function obtained in the measurements of positions of N particles prepared in the one-hole excited eigenstate with P/N = 3π/(4L). In this case there are two types of the last particle wave-functions observed in the measurement realizations. The first is related to mean-field solutions with the winding number J = 0 [black solid lines in (c) and (d)]. The corresponding distributions of their kinetic energies and average momenta are presented in (e) and (f), respectively, see black histograms. The other wave-functions are related to J = 1 and they are represented by red dash lines and red filled histograms in the panels (e)-(f). For each last particle wave-function obtained in the simulation, we can find a mean-field solution that follows it very well. Such mean-field solution is chosen so that its average momentum and J are the same as those of a given last particle wave-function. The size of the 1D space L = 1, c = 0.08 and N = 8.
, results in a bunch of different wavefunctions for the last particle. They correspond both to J = 0 (with the probability 0.79) and to J = 1 (with the probability 0.21). In Fig. 1 we show examples of the last particle wave-functions and distributions of kinetic energies and average momenta of the last particles that we have obtained collecting results of many realizations of the measurement process. All observed wave-functions match certain mean-field single-soliton solutions. The choice of |I j | < I F that is substituted for I F + 1 in (6) in a one-hole excitation determines properties of wave-functions of the last particle obtained in simulation of the measurement process. For even N and for I j = I min = 1 2 we obtain the wave-functions that, in the mean-field approach, are related to a completely dark soliton moving with the velocity v = 2π/L, cf. Fig. 1 . When the chosen I j increases and approaches I F − 1, the last particle wave-functions reveal gray solitons that reduce to the zero-momentum solution of the GPE (10) for N → ∞. On the other hand if I j decreases and reaches −I F , the last particle wave-functions correspond to gray solitons that reduce to the plane wave solution of the GPE with the momentum p = 2π/L if N → ∞. This is the scenario how the mean-field solitons allow us to pass smoothly between the plane wave solutions with p = 0 and p = 2π/L [57] . Signatures of similar passing can be also observed in the many-body description. If I j is substituted for −I F (instead of I F ) we obtain analogous relation between the results of the measurements and the mean-field solutions but with v → −v.
In order to investigate dynamics of solitons we follow the procedure described in the previous section. For a given one-hole eigenstate we choose positions of N i = N − 3 particles corresponding to the configuration of maximal probability. In this way we break the translational symmetry of an initial eigenstate and localize position, with a small uncertainty, of a soliton formed by the remaining particles. Then, we evolve the remaining N r = 3 particle state for a certain period of time to get the conditional two-time probability distribution. Finally we sample this distribution with the help of Monte Carlo algorithm.
In Fig. 2 we present histograms resulting from the many-body evolution of the previously described dark soliton that in the mean-field limit moves in the laboratory frame with the velocity v = 2π/L. Short time dynamics shows that the profile of the histogram does not change and the notch, visible in the histogram, moves with the velocity predicted by the mean-field approach. However, in the long time evolution we see that the depth of the notch decreases and when t is of the order of 1/c the notch nearly disappears. The time scale 1/c is much larger than the quantum speed limit time, i.e. a typical lifetime of a generic quantum state [44, [59] [60] [61] . The notch reappears again if we continue the time evolution.
The smearing of the notch is a many-body effect which is related to an uncertainty of a soliton position [21-24, 47, 52] . The initial choice of positions of N i particles leads to localization of the soliton with a small uncertainty. That is, in different realizations of the measurement of the remaining N r = 3 particles, the last particle wave-functions reproduce the mean-field dark soliton profile but different profiles are localized at slightly different positions [the initial standard deviation of the soliton position is about 0.1 in Fig. 2(c) ]. In the course of time evolution of the remaining N r = 3 particles, the uncertainty of the soliton position increases [see Fig. 2(c) ] and causes smearing of the soliton notch visible in the histograms in Fig. 2(b) . We observe also some contributions to the histogram of particle positions coming from the last particle wave-functions corresponding to gray solitons where d > 0. The average d, however, is never greater than 0.1 and these contributions can not explain the smearing of the histograms. For a longer time evolution the profile of the histograms returns to its initial shape. Such a quantum revival phenomenon can be expected in a few-body quantum system.
We are not able to perform simulations for large N but one may expect that for N → ∞ but with cN =constant, the many-body evolution follows the mean-field dynamics for time that increases linearly with N .
B. Double solitons
Double-soliton solutions of the GPE are related to twohole excited eigenstates of the Lieb-Liniger model [45] . That is, when we remove two values of |I j1 | < I F and |I j2 | < I F in the ground state sequence (6) and add new ones next to the Fermi surface: −(I F + 1) and (I F + 1) or (I F + 1) and (I F + 2) instead, we observe that in the measurement processes the wave-functions of the last particle match mean-field double-soliton states.
There is a double-soliton solution of the GPE that is characterized by the average momentum p = 0. This solution is stationary in the laboratory frame (v = 0) and describes two completely dark solitons (d = 0). In the many-body picture the corresponding two-hole excited eigenstate, related to P/N = 0, can be obtained by the exchange −I min and I min for −(I F + 1) and (I F + 1) in the sequence (6) for even N .
It is also possible to obtain a mean-field solution where two completely dark solitons move together in the labora- tory frame with the velocity v = 4π/L. Then, the related two-hole excited eigenstate corresponds to the substitution {I min , (I min + 1) → {(I F + 1), (I F + 2)} in (6) for even N . When we carry out the measurements on the many-body system prepared in one of these two two-hole excited eigenstates, wave-functions of the last particle reproduce very well the corresponding mean-field solutions, obviously, in the view of the previous discussion, localized at different positions in different realizations of the measurement process. Two-hole excitations can be chosen in many different ways. We can find two-hole excited eigenstates that reveal signatures of solutions of the GPE (10) if we perform the measurement of particle positions. Equation (10) describes two (or more) identical solitons that either move together with the same velocity in the laboratory frame or do not move at all. However, one may also expect situations where solitons move with different velocities and collide. Such a process can not be described by the stationary GPE (10) . It is interesting if signatures of two solitons moving with different velocities can be observed in the many-body system prepared initially in a two-hole excited eigenstate.
Let us begin the analysis of soliton dynamics with the two-hole excited eigenstate corresponding to the completely dark mean-field solitons that are stationary in the laboratory frame (v = 0). Figure 3 show how the his- Similarly to the single-soliton case, short time dynamics agrees with the mean-field predictions but in the long time evolution we observe that the notches are gradually smeared and disappear at t ≈ 1/c. The uncertainty of the soliton positions is responsible for such a many-body phenomenon as discussed in Sec. III A.
In the second example we consider a two-hole eigenstate obtained by the exchange of −I min and −(I min + 1) for (I F + 1) and (I F + 2) in the ground state sequence (6) for N = 8 which leads to P/N = 3π/L. The doublesoliton solution of the GPE (10) corresponding to the the same value of the average momentum p = 3π/L describes two gray solitons moving together with the velocity v ≈ 4π/L. Simulations show that the notches in the histogram of positions of the last N r = 3 particles, when the first N i = N −3 particles are measured at t = 0, move with a very similar velocity, see Fig. 4 . Wave-functions of the last particle obtained in each final measurement of the 3-particle system are different but all correspond to mean-field solitons that propagate also with v ≈ 4π/L. The smearing of the soliton notches is visible for t of the order of 1/c but it is less apparent than in the cases corresponding to the completely dark mean-field solitons.
In the third example we would like to consider a two-hole eigenstate that reveals signatures of two solitons moving towards each other with different velocities. We begin the simulation with an eigenstate where {−(I min + 2), I min } → {−(I F + 1), (I F + 1)} in the sequence (6) for N = 8, then we measure positions of N i = N − 3 particles (t = 0), evolve the system of the remaining N r = 3 particles in time and at different t perform simulations of measurements of positions of 3 particles. Analysis of the wave-functions of the last particle indicates that they may be very different. There are wave-functions that show dark and gray solitons that are clearly separated one from each other but there are also profiles where clear separation of the two solitons is not observed. The latter cases can be related to a collision of the two solitons. The average behavior of the threeparticle system is represented by the time evolution of the histogram of the detected positions of three particles in Fig. 5 . We can see that two density notches (one nearly dark and the other gray) approach each other, even their depth and exchange their positions as if two sloitons collide, pass each other and propagate further.
To sum up, two-hole eigenstates we have investigated can be divided into three classes. The first class is related to completely dark solitons in the mean-field approach. That is, when the measurement of particle positions is performed, we always observe that the last particle wave-functions match quite well dark soliton solutions with average momentum p equal to the initial total momentum per particle P/N of the many-body system. There are two such eigenstates. The first, obtained by the exchange {−I min , I min } → {−(I F + 1), (I F + 1)} for even N , corresponds to P/N = 0 and reveals the double-soliton mean-field solution that is stationary in the laboratory frame. The other eigenstate, related to {I min , (I min + 1)} → {(I F + 1), (I F + 2)} or to {−(I min + 1), −I min } → {−(I F + 2), −(I F + 1)}, where |P/N | = 2π/L, reveals double-solitons that move with |v| = 4π/L in the mean-field approach.
The second class consists of eigenstates which are obtained by an exchange {I j , I j+1 } → {±(I F + 1), ±(I F + 2)} with I j = I min . The measurements reveal different wave-functions of the last particle that match gray double-soliton solutions of the GPE (10) but corresponding to different average momentum p in different measurement realizations. That is, p is not necessarly equal to P/N of the initially chosen many-body eigenstate.
The third class corresponds to two-hole excitations where {I i , I j } → {±(I F + 1), ±(I F + 2)} or {I i , I j } → {−(I F +1), (I F +1)} but j = i+1. Then, the last particle wave-functions reveal double-solitons with two notches that are not identical, appear at different distances one from each other and show signatures of a collision of two solitons. Such a soliton dynamics can not be described the stationary GPE (10).
IV. STRONG INTERACTION REGIME
It is not easy to answer the question if signatures of soliton-like behavior can be observed in the strong interaction limit because the mean-field approach is not valid. In Ref. [62] it is shown that the phase imprinting, which is a standard method for dark soliton excitation in experiments, is not able to create dark solitons in ultracold atoms in a periodic lattice potential if the system is in the Mott insulator regime. This is due to the lack of phase coherence. On the other hand, analysis of the Lieb-Liniger model indicates that the type II excitation branch is present regardless how strong the particle interactions are [39] . Moreover, superpositions of the one-hole excited eigenstates allows one to create states that reveal density notches in the reduced single particle density and to observe the phase behavior of the matrix elements of the field operator similar as in the weak interaction case [42] [43] [44] . In the following we attempt to answer a question if signatures of soliton-like character can emerge in the course of the particle measurements in the system prepared in a one-and two-hole excited eigenstate for γ ≫ 1.
Let us begin with one-hole excitations. In Fig. 6 the average probability density and average phase of the last particle wave-functions, obtained in simulation of the measurement process, are presented for two different onehole excited eigenstates and for different γ. The first eigenstate is defined by the exchange I min → (I F + 1) in (6) and corresponds to the dark soliton in the weak in- teraction limit shown in Fig. 1(a)-1(b) . The other, where (I min + 1) → (I F + 1), is similar to the gray soliton analyzed in the weak interaction case, cf. Fig. 1(c)-1(f) . In each realization we identify a position of the phase flip and we shift all the wave-functions so that the positions always coincide with L/2. The average phase depends very weakly on γ and reproduces the behavior observed in the weak interaction limit. The average probability density changes initially with an increase of γ but it freezes when γ becomes of the order of 100.
For strong repulsive interactions, particles behave like impenetrable bosons and tend to localize with separations L/N . The width of the density notches and the period of the density oscillations that are visible in Fig. 6(a)-(b) for γ = 10 3 , coincide with such a length scale. The oscillations dyes out with an increasing distance from a notch. For γ → ∞, the eigenstates (7) of the Lieb-Liniger model can be approximated by
where k j → 2πj/L for odd N [63] . The corresponding probability densities are identical to the probability densities for eigenstates of non-interacting fermions, i.e. . Initially, N -particle system is prepared in the one-hole excited eigenstate with the total momentum per particle P/N = π/L. In the weak interaction limit such a many-body eigenstate is related to the dark soliton that propagates with the velocity v = 2π/L, cf. . These minima correspond to space points where the first Nr = 5 particles have been measured. At these points it is not possible to observe the remaining 3 particles if repulsion between particles is strong. Analysis of the last particle wave-functions shows that the phase flip by π is still present and localizes at different positions (usually at x > 0.6) in different measurement realizations. In the course of time evolution, the five minima are blurred very rapidly but the phase flip of the last particle wave-functions is preserved (see Fig. 9 ) even at t = 0.75tc where tc ≈ 0.003 is a typical lifetime of a generic quantum state, see the text. The size of the 1D space L = 1 and N = 8.
|ψ {k}N (x 1 , . . . , x N )| 2 ∝ det e ikj xs 2 . Such a fermionisation is observed in the probability density in the configuration space. Note that the wave-functions (13) remember still the Bose statistics, i.e. they are symmetric under an exchange of any pair of particles.
Results related to the two-hole excitation where {−I min , I min } → {−(I F + 1), (I F + 1)} in (6), are presented in Fig. 7 for two different even values of N . We shift the last particle wave-functions so that the position of one of the two observed phase flips coincides with L/4. In different realizations of the particle measurements, the two flips appear at different distances one from each other in contrast to the corresponding weak interaction case. Histograms of relative distances between the phase flips are depicted Fig. 7 . If γ → ∞, the size of the notches is of the order of L/N and the smallest clear separation between the phase flips takes place when only one particle localizes between them. Such cases correspond to the first maximum in the histograms located at ∆x slightly greater than L/N . The next maxima appear at ∆x ≈ 2L/N . For γ = 1, the size of the notches is greater than L/N and we can see the remnant of the second notch in the plots of the average densities. Analysis of the dynamics is performed in a way similar to the weak interaction case. For N = 8 we start with the one-hole excited eigenstate corresponding to P/N = π/L [cf. Fig. 6(a) and Fig. 6(c) ], measure N i = 5 particles, evolve the remaining N r = 3 particles' reduced state in time and sample the final probability distribution of positions. The obtained histograms, for different moments of time and for γ = 1 are shown in Fig. 8(a) . The density notch, initially visible in the histogram, disappears rapidly, i.e. when t is of the order of 1/c = 0.125. The situation is more complicated when γ ≫ 1. For γ = ∞, time evolution of a wave-function φ(x 1 , x 2 , x 3 ) of three bosons can be easily obtained by observing that
evolves like a wavefunction of three non-interacting fermions, see (13) . The latter evolution can be performed by switching to the momentum space with the help of the Fourier transform. In Fig. 8(b) we show the results for γ = ∞. Even at t = 0, the histogram does not show a clear signature of a soliton-like notch. There are 5 deep minima that correspond to the positions in space where the first N i = 5 particles have been detected -at these points it is not possible to find remaining 3 particles because of the strong particles repulsion. The phase flip of the last particle wave-functions [very similar like in Fig. 6(c) ] localizes randomly at different positions (usually at x > 0.6). In the course of time evolution the histograms change very quickly, however, the phase flip of the last particle wave-functions can be clearly observed even for t = 0.75t c , see Fig. 9 . The typical lifetime of a generic quantum state t c = π/2E ≈ 0.003, where E is the averaged energy of the N r = 3 particle system with respect to its ground state energy, is related to the so-called speed limit time [44] . In Fig. 9(b) we show average phases related to the winding number J = 0 and J = 1. At this moment of time there are also contributions (∼ 24%) related to different winding numbers for which position of the phase flip is difficult to identfy. The presence of the phase flip is a remnant of the one-hole excitation and a signature that we do not deal with the Bose system in the ground state.
V. CONCLUSIONS
We have considered relation of one-and two-hole excited eigenstates (the so-called type II eigenstates) of the Lieb-Liniger model to dark soliton-like behavior. The eigenstates possess translational symmetry and are not able to reveal solitons. However, the symmetry can be broken in a measurement of positions of particles and the solitons can emerge.
In the weak interaction limit, successive measurements of positions of particles result in a formation of solitons by the remaining particles. It is clearly visible in wavefunctions of the last particle, i.e. the wave-functions of the system when all but one particles have been measured. We have also analyzed dynamics of the system prepared initially in a one-or two-hole excited eigenstate. It turns out that when the translational symmetry is broken in a measurement of N − 3 particles, the remaining three particles follow the corresponding mean-field soliton dynamics for time t smaller than 1/c. At t ≈ 1/c many-body effects, that are beyond the mean-field description, emerge and lead to smearing soliton notches due to a large uncertainty of soliton positions.
In the strong interaction regime, i.e. when γ → ∞, the Bose system undergoes fermionisation. That is, the particle probability densities become identical to the probabilities of non-interacting fermions. Then, bosons tend to localize with separation L/N . Flips of the phase of the last particle wave-functions occur also on the length scale of the order of L/N . These phase flips are preserved for a short period of time despite substantial distortion of the probability densities. In the case of two-hole excited eigenstates, the distance between two phase flips is different in different realizations of the measurement process.
Even in the weak interaction limit, the initial manybody eigenstates do not correspond to a Bose-Einstein condensate. However, measurement of positions of particles drives the remaining particles to a state which is the closer to a BEC the more particles were measured. It means that the state of a remaining subsystem approaches a product state with each measurement of particle position. We have considered the cases where in the course of the measurements, the system approaches a BEC with a condensate wave-function corresponding to a single-or multiple-soliton solution of the Gross-Pitaevskii equation. It turns out that such a phenomenon can be observed for a number of particles as small as N = 8. Numerical simulations, that we perform, are not attainable for a large number of particles. However, we expect the same behavior also for large N . Especially, if N → ∞ but cN = constant, the many-body dynamics is expected to follow the mean-field prediction for longer and longer time. That is, the time period when many-body effects turn up should increase like 1/c.
Dealing with a small N could be an advantage if one wants to observe many-body effects in soliton dynamics because the time scale needed for these effects to emerge is shorter.
We have considered the emergence of dark solitons from translationally symmetric eigenstates that exist due to the assumed periodic boundary conditions. Such a system can be realized if atoms are loaded to a toroidal trap and prepare in proper excited eigenstates. This is not an easy experiment and its realization requires further research.
